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A PROPERTY OF R A D I A L L Y  Q U A D R A T I C  
REFLECTOR SYSTEMS 

M .  Mizusawa a n d  T .  Katagi 
( M i t s u b i s h i  E l e c t r i c  Co., I n c .  Kamakura F a c t o r y ,  

Kamakura, Japan  '247)  

R a d i a l l y  p a r a b o l i c  r e f l e c t o r s  a n d  r a d i a l l y  h y p e r b o l i c  

r e f l e c t o r s  a r e  w i d e l y  u sed  as r e f l e c t o r  m i r r o r s  f o r  C a s s e g r a i n  

a n d  p a r a b o l i c  a n t e n n a s .  U n t i l  now, t h e s e  h a v e  m o s t l y  b e e n  

r a d i a l l y  s y m m e t r i c a l ,  b u t  r e c e n t l y ,  C a s s e g r a i n  a n t e n n a s  p l a c e d  

i n t o  a n  o f f - s e t  s y s t e m  [ l ]  o r  C a s s e g r a i n  a n t e n n a s  which u t i l i z e  

c o n i c a l  h o r n - r e f l e c t o r s  as t h e i r  p r i m a r y  r a d i a t o r  h a v e  b e e n  

c o n s i d e r e d  a s  m e a n s  f o r  p r e v e n t i n g  b l o c k i n g  b y  u t i l i z i n g  

s e c o n d a r y  r e f l e c t o r s .  La rge - sca l e  m o b i l e  a n t e n n a s  which u t i l i z e  

s y s t e m s  compr i sed  of  s e v e r a l  r e f l e c t o r s  as t h e i r  p r i m a r y  r a d i a t o r  

s y s t e m  [ 2 ] ,  as s h o w n  i n  F i g u r e  1 ,  h a v e  a l s o  b e e n  c o n s i d e r e d  i n  

w 1 4 I t ~ u ~ ~ - - Z k 8 t H 8 * l = L 7 h t r w v  

Fig. l--Gssegrain antenna with :he primary 
7?+t 

radintor compaxd of 4 mirron. 

. key 
* a e l e v a t i o n  r o t a t i o n  

b d e c l i n a t i o n  r o t a t i o n  
c r e c e i v e r  room 

o r d e r  t o  be a b l e  t o  e s t a b l i s h  

r e c e i v e r s  o n  t h e  g r c n n d .  I t  i s  

d i f f i c u l t  t o  s t r i c t l y  c a l c u l a t e  

t h e  r a d i a t i o n  p r o p e r t i e s  of  t h e s e  

t y p e s  o f  c o m p l e x  a n t e n n a s ,  b u t  

t h i s  a r t i c l e  w i l l  show t h a t ,  when 

c o n s i d e r e d  o p t i c a l - g e o m e t r i c a l l y ,  

t h e s e  t y p e s  o f  a n t e n n a s  a l l  

p o s s e s s  s imilar  v a l u e s  t o  common 

c o n i c a l  h o r n - r e f l e c t o r  a n t e n n a s  

[ 3 ]  w h i c h  a r e  composed  o f  a h o r n  

* Numbers i n  t h e  margin  i n d i c a t e  p a g i n a t i o n  i n  t h e  f o r e i g n  t e x t .  
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A n t e n n a e  made f r o m  r a d i a l l y  q u a d r a t i c  r e f l e c t o r s  a r e  

g e n e r a l l y  c o m p r i s e d  of a f e e d  s y s t e m ,  c o n s i s t i n g  o f  a f e e d  h o r n  

a n d  q u a d r a t i c  r e f l e c t o r s ,  and  a r a d i a l l y  p a r a b o l i c  r e f l e c t o r .  

The e l e m e n t s  of t h e  q u a d r a t i c  r e f l e c t o r  s y s t e m  o f  t h e  f e e d  s y s t e m  

c o n s i s t  o f  a r a d i a l l y  h y p e r b o l i c  r e f l e c t o r ,  a r a d i a l l y  e l i p t i c a l  

r e f l e c t o r ,  a n d  a p a i r  o f  r a d i a l l y  p a r a b o l i c  r e f l e c t o r s  w i t h  

p a r a l l e l  r a d i a l  a x e s ,  as shown i n  F i g u r e  3 ,  a l l  o f  w h i c h  a r e  

a l i g n e d  s o  

r e f l e c t o r s  

p o i n t .  

T h e s e  

t h a t  t h e i r  a d j a c e n t  

s h a r e  a common f o c a l  

e l e m e n t s  p o s s e s s  a 

Fig. 2 A r a d i a l l y  q u a d r a t i c  c h a r a c t e r i s t i c  i n  which t h e  l i g h t  

r a y s  which a r e  r a d i a t e d  a l o n g  t h e  

a f e e d  ho rn  f o c a l  p o i n t  f rom one d i r e c t i o n  o f  
b r a d i a l l y  p a r a b o l i c  

r e f l e - c t o r  t h e s e  e l e m e n t s  become t h e  r e f l e c t e d  l i g h t  r a y s  w h i c h  

r e f l e c t o r  sys t em 

key 

t r a v e l  a l o n g  t h e  f o c a l  p o i n t  i n  a n o t h e r  d i r e c t i o n ,  b u t  a f t e r  t h e  

l i g h t  r a y s  which t r a v e l  a l o n g  t h e  cone  which f o r m s  t h e  v e r t e x  of  

( a )  example o f  r a d i a l l y  (b) example of r a d i a l l y  ( c )  example o f  a pai r  o f  r a d i a l l y  
~ 

hyperbol i c  r e f  lector  parabol IC r e f  lector  quadrat ic  r e f l e c t o r s  

Fig. 3 Elements of  a r a d l a t l y  quadratic r e f l e c t o r  system i n  t h e  feed system 

t h e  f o c a l  p o i n t  o f  t h e  one  d i r e c t i o n  a r e  r e f l e c t e d ,  t h e y  t r a v e l  

a l o n g  t h e  c o n e  w h i c h  f o r m s t h e  v e r t e x  o f t h e  f o c a l  p o i n t  i n  t h e i r  
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reflected direction. When the unit vector of the along the 

center of the incidental light ray cone is Vn, and half the 

vertical angle of the cone is 8,, and the respective cones which 

accompany the reflected light rays are Vn+l and the 
h 

In the above formula, A, is a three-line, three-column matrix, b, 

and a, are vectors, and zn and b, are scalar, all of which are 

constants decided by the shape and arrangement of each of the 

reflectors. The following relationships are created in the feed 

system by again applying the formula (1). 

A ,  b, a, b, and z are constants which are decided by the 

geometrical composition of the system. 

Light rays which travel along the focal cone of radially 

parabolic reflectors travel along a cylinder which is parallel to 

the radial axis of the reflector 

after being reflected. If an 

aperture plane is considered in 

an appropriate position, as shown 

in Figure 4, a circle is formed 

a t  t h e  intersection o f  t h e  

/ 7 0 8  

Fig. 4 Radially parabolic cylinder and the plane, If the 

foot o f  a line perpendicular to 

a aperture plane the aperture plane, drawn from 

reflector 

key 
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t h e  f o c a l  p o i n t ,  and  l y i n g  i n  t h e  a p e r t u r e  p l a n e ,  i s  Om, t h e  

v e c t o r  w h i c h  r e a c h e s  f r o m  0, t o  t h e  c e n t e r  o f  t h e  a b o v e -  

ment ioned  c i r c l e  i s  p,, and t h e  r a d i u s  o f  t h a t  c i r c l e  is  r,, t h e  

f o l l o w i n g  f o r m u l a  becomes t r u e .  

f ,  i s  t h e  f o c a l  g a p  o f  t h e  r a d i a l l y  p a r a b o l i c  r e f l e c t o r ,  a n d  k m  

i s  t h e  u n i t  v e c t o r  a l o n g  t h e  r a d i a l  a x i s .  If f o r m u l a e  ( 2 )  and  

(3) are s u b s t i t u t e d ,  t h e  f o l l o w i n g  r e s u l t s  a r e  o b t a i n e d .  

w h e r e i n ,  

and  L i s  a r i g h t - a n g l e  m a t r i x  d r a w n  f r o m  A ,  b, a,  and  k,, and v 

is  t h e  u n i t  v e c t o r .  

T h e s e  r e s u l t s  show t h a t  t h e  

s y s t e m  shown i n  F i g u r e  2 h a s  t h e  s a  

r a d i a l l y  q u a d r a t i c  r e f l e c t o r  

.me v a l u e s  as a g e n e r a l  c o n i c a l  

h o r n - r e f l e c t o r  a n t e n n a  c o m p r i s e d  o f  a c o n i c a l  h o r n  w i t h  a 

b i s e c t e d  a n g l e  of 8, a n d  a r a d i a l l y  p a r a b o l i c  r e f l e c t o r  w i t h  a 

f o c a l  g a p  o f  f .  Now, i t  w a s  d i s c o v e r e d  t h a t  t h e  f o c a l  p o i n t  o f  

t h e  r a d i a l l y  p a r a b o l i c  r e f l e c t o r  a t  t h e  end  o f  t h i s  s y s t e m  i s  

d i s p l a c e d  o n l y  2 f d  f r o m  a c o m p a r a b l e  r e f l e c t o r  o f  a n  a v e r a g e  

c o n i c a l  h o r n - r e f l e c t o r  a n t e n n a ,  and  t h a t  t h e  c o o r d i n a t e  s y s t e m  

a f f i l i a t e d  w i t h  t h e  f e e d  h o r n  i s  s u b j e c t  t o  t h e  p e r p e n d i c u l a r  

exchange shown i n  t h e  second f o r m u l a  i n  f o r m u l a  (5) .  

4 
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The equivalent general conical horn-reflector antenna 

referred to herein is an expansion on the concept of the 

equivalent parabola [ 4 1 ,  commonly known in connection with 

conventional radially symmetrical Cassegrain antennas. Since the 

dispersion of illumination intensity fluctuates in actual multi- 

reflector systems due to diffraction between each of the 

reflectors, these results can be only be applied as no more than 

approximations, but they are extremely useful in understanding 

the operation of complex systems. For example, since the 

elevation rotations in the antenna shown in Figure 1 are 

reflected in the fluctuations in the constants of equivalent 

general conical horn-reflector antennas, their effects on the 

radiation properties of the antenna can be understood and 

discussed. 
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